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Abstract 
Analytical models of floc characteristics are developed as components of a comprehensive flocculation model. The models are derived for high Peclet number and batch reactors where the floc size distribution is expected to be relatively narrow compared with completely mixed flow reactors.  High Peclet number flows are obtained in gravity-driven hydraulic flocculators without mechanical agitation.  Hydraulic flocculators are an ideal technology for a low carbon footprint and where robust, low maintenance operation is required. The models, combined with measurements of floc sedimentation velocity and floc volume fraction, suggest that the fractal dimension of flocs is approximately 2.3 and that 1 m is approximately the particle size beyond which fractal geometry is needed for description of floc properties.  
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Introduction
Hydraulic flocculators are devices in which fluid velocity gradients, originating from reactor geometry, cause collisions of flocculent particles.  Hydraulic flocculators can be built to operate on only a few centimeters of potential energy. The ability of hydraulic flocculators to function without any moving parts or external power sources makes them far more energy efficient and sustainable than mechanical flocculators as a technology for surface water treatment. 
Models that describe the flocculation process and the capabilities of hydraulic flocculators are needed to create a rational basis for design. The flocculation process is difficult to model because the floc sizes evolve over a scale ranging from m to mm.  The flow field at the particle level can be laminar or turbulent. In addition, floc density and the floc volume fraction are known to vary with floc size. These complications have precluded the development of simple analytical models that describe the entire flocculation process.  
Hydraulic flocculators with their serpentine flow path may be idealized as arbitrary flow reactors with high Peclet numbers, and thus it is reasonable to simplify the problem by assuming that floc size increases as particles travel along the flow path and to assume that only a narrow floc size distribution exists at each location in a hydraulic flocculator. The relatively narrow size distribution that is a characteristic of plug flow or batch reactors has important consequences for both the fractal characteristics of the resulting flocs and for the reaction times required to form flocs that can be removed by sedimentation.  In this paper we explore the fractal nature of flocs and provide a basis for determination of the fractal dimension and the minimum particle size at which use of fractal geometry is appropriate. 
Fractal Geometry
As flocs collide and grow, they become more porous, less dense, and the total floc volume fraction grows. Floc aggregates can be represented as fractals (Meakin, 1988).  The diameter of a fractal floc (d) containing i primary particles (I.e., raw water colloids and initially precipitated coagulant such as Al(OH)3(s)) is:

[bookmark: ZEqnNum345932]		()
where d0 is the size of the primary particles, and DFractal is the fractal dimension. Similarly, the number of primary particles  in a fractal floc of diameter d is:

[bookmark: ZEqnNum578671]		()
Primary particles have a fractal dimension of 3, but have a lower fractal dimension after they aggregate. Meakin determined that flocs with 2 contact points have a fractal dimension of 2.13 and flocs with 3 contact points have a fractal dimension of 2.19 (Meakin, 1988). Lambert found that the fractal dimension of E. coli flocs ranged from 1.90–2.20 (Lambert et al., 2003). Li and Ganczarczyk analyzed fractal dimensions of aggregates based on reported settling tests and size-density relationships and determined a fractal dimension of 2.3 for alum aggregates (Li et al., 1989). 
The fractal dimension of a cluster that is created by many sequential collisions is determined by the type of collision trajectory and by the relative sizes of the colliding particles. Particle collision trajectories are categorized as diffusion or ballistic. Diffusion trajectories have random direction changes with the changes in direction occurring over distances that are small relative to the size of the colliding clusters. The frequent direction changes result in dendritic forms with a more porous structure and hence a low fractal dimension. Ballistic trajectories are straight and result in a much less porous structure (Meakin, 1988). 
Clusters that form exclusively through ballistic collisions of particles that are very different in size will have a fractal dimension approaching 3 (Gmachowski, 2006) because the aggregate porosity would be expected to be independent of size and related only to the packing of the smaller particles. Gmachowski derived an analytical relationship for the fractal dimension of clusters obtained from either diffusion or ballistic trajectories as a function of the ratio of the sizes of the two colliding clusters. This analysis showed that the fractal dimension increases smoothly as the ratio of the size of the colliding clusters increases. Thus, the fractal dimension of flocs is expected to be affected by the particle size distribution in the flocculator. 
The analysis by Gmachowski suggests that serpentine path and batch flocculators produce flocs with a lower fractal dimension that completely mixed flow reactors. The standard Jar Test apparatus that uses batch treatment is expected to produce flocs with a fractal dimension that is closer to serpentine flow reactor flocs than it is to completely mixed flow reactor flocs. Experimental results from completely mixed batch reactors (flocculation occurring as a function of time) and laminar flow tube flocculators (flocculation occurring as a function of location) will be used to obtain estimates for sedimentation velocities and floc volume fractions.
Floc Density and Sedimentation Velocities



Measured floc sedimentation velocities can be used to determine the fractal dimension and diameter of the primary particles. Given the assumption that primary particles at the end of rapid mix do not contain significant water and have a fractal dimension of 3, then the particle volumes are conserved upon aggregation. For purposes of discussion we assume the initial suspension contains colloidal clay particles and precipitated coagulant (Al(OH)3(s)). The initial density of the floc particle () can be calculated from the density of the source water particles () and the coagulant precipitate ().  

[bookmark: ZEqnNum735826]		()



where: the concentration of the solids in the initial floc () is equal to the solids contribution from aluminum hydroxide () precipitate and clay ().

[bookmark: ZEqnNum358293]		()



The mass of a fractal floc containing i primary particles () is equal to the sum of the mass of the primary particles in the floc () plus the mass of the water that fills the voids between the primary particles. The void volume in the floc is the difference between the total floc volume and the volume of the primary particles it contains.  Therefore:

		()

where:  is the density of the aqueous solution. Substituting equation  to eliminate the number of primary particles, i, yields: 

[bookmark: ZEqnNum574989]		()

The predicted floc density can be used to estimate the floc sedimentation velocity. The terminal velocity, , of a suspended particle is given by:

[bookmark: ZEqnNum220224]		()
where: g is gravitational acceleration, and CD is the coefficient of drag.
The coefficient of drag in flow regimes ranging from laminar to fully turbulent is given by:

[bookmark: ZEqnNum950581]		()
where: is a shape factor, and Re is the Reynolds number.
The shape factor, , in equation  adjusts the coefficient of drag for non spherical geometry and according to Tambo has a value of 45/24 for flocs (Tambo et al., 1979). The Reynolds number, Re, defined for the terminal velocity, Vt, is given by

[bookmark: ZEqnNum892929]		()

where:  is the kinematic viscosity of the fluid.
Although the Reynolds number corresponding to the terminal velocity of a large floc is greater than 1, Wu and Lee have shown that the drag coefficient for porous flocs continues to be inversely proportional to the Reynolds number up to at least 40 (Wu et al., 1998). Thus, equation 8 for porous flocs can be simplified to:

[bookmark: ZEqnNum190414]		()
Equations  and  when substituted into equation  give: 

[bookmark: ZEqnNum619424]		()
Equation  can be written to explicitly show the effect of the fractal dimension on terminal velocity by substituting equation  for the buoyant density term.

[bookmark: ZEqnNum845323]		()
Equation  simplifies to equation  for the case of a fractal dimension of 3. 
Adachi and Tanaka (1997) derived the following empirical relationship between the diameter of an alum-kaolin floc and its sedimentation velocity (Vt):

[bookmark: ZEqnNum198763]		()
where df is the floc diameter based on its downward projected cross-sectional area.


Equations  and  can now be compared to determine the fractal dimension and the diameter of the initial particles that form the fractal flocs. In equation , is based on equations  and .  In equation , the exponent of df (1.38) suggests a fractal dimension of 2.38 (see the term in equation ) (Adachi et al., 1997).  

Setting DFractal to 2.38, the initial particle diameter, d0, calculated using equations  and , is 0.65 m.  While this primary particle size seems reasonable for initially precipitated Al(OH)3(s), a particle size closer to 1 µm may be more accurate for suspended colloids such as clay particles.  Although the Adachi data is extrapolated to estimate the primary particle diameter, the constant fractal dimension model used here may not accurately describe the first few collisions. Thus, the extrapolation to a primary particle diameter may not be entirely justified.  If do is assumed to be 1 µm, the best fit to the Adachi data is obtained with DFractal = 2.3.  Assuming some experimental error was associated with the reported exponent of 1.379 for df in equation , arriving at values for DFractal between 2.4 and 2.3, and a do value close 1 µm demonstrates the model is providing reasonable results.
Based on the model of (Gmachowski, 2006), a fractal dimension of 2.3 suggests collisions between clusters with diameters within a factor of 7 of each other. However, Gmachowski’s model did not include the effect of cluster rotation after initial impact to increase the number of contact points and thus he estimated that collisions between same sized clusters would produce a fractal dimension of 1.85, a value that is significantly lower than the values obtained by (Meakin, 1988) for 2 and 3 contact points.  Thus, it is likely that the cluster size ratio required to produce a fractal dimension of 2.3 is smaller than the factor of 7 predicted by Gmachowski.
The Reynolds number corresponding to a 2.8 mm diameter floc falling at 12 mm/s is 40, and Stokes law applies up to a Reynolds number of 40 (Wu et al., 1998). Thus, the very largest aluminum hydroxide – clay flocs that can be described by equation  are approximately 2.8 mm in diameter. Larger flocs will have lower terminal velocities than those predicted by equation .
Floc Volume Fraction
Model calculations and measurements of floc volume fraction provide an alternative basis for estimating the fractal dimension of flocs. The floc volume fraction, Floc, is related to the concentration, CFloc, and density of material, Floc contained in the flocs:

[bookmark: ZEqnNum291732]		()



where is the floc volume and is the volume of the floc suspension.
Assuming primary particles in the floc model are composed of clay and aluminum hydroxide, as would be the idealized case with the use of alum to treat a turbid surface water, substituting equations  and  into equation  gives (Letterman et al., 1985):

[bookmark: ZEqnNum939697]		()
This definition assumes that primary particles at the beginning of flocculation do not contain water. This assumption seems reasonable for clay particles, but it is not entirely clear how to characterize the aluminum hydroxide precipitate at the m scale. An aluminum hydroxide molecule has a dimension that is less than 1 nm. If aluminum hydroxide molecules aggregate randomly to form an amorphous solid, then the primary particles that are generated in the rapid mix process would be porous and have a larger floc volume fraction than that of the starting molecules. 
For the model presented here, we assume that the spacing between aluminum hydroxide molecules and the corresponding floc volume fraction is constant as long as molecular diffusion is the dominant transport mechanism. Diffusion provides the mechanism for aluminum hydroxide molecules to aggregate into the lower energy solid phase. In addition, we assume that as aluminum hydroxide particles grow larger than the diffusion limit, they no longer rearrange on contact to form a compact solid and thus their fractal dimension decreases. The estimate of 1 m, as the particle size at which the fractal dimension changes from 3 to a lower value, is consistent with a floc size that is no longer greatly affected by diffusion. 
The ratio of the floc volume fraction containing i primary particles to the initial floc volume fraction is equal to the ratio of the volume of the floc containing i primary particles to the total volume of the primary particles in that floc. 

[bookmark: ZEqnNum764964]		()
After substituting for i using equation , equation  simplifies to:

[bookmark: ZEqnNum232962]		()
Model predictions, based on equation  and two alternative approximations of the floc volume fraction derived below, are compared here to arrive at an alternative estimate for the fractal dimension of flocs. 
One basis for estimating floc volume fraction may be obtained from experimental data for floc blanket growth where the rate of change of blanket height is observed under conditions with a controlled influent of flocculated particles.  Results obtained for a bench scale upflow clarifier are shown in Figure 1 (Long et al., 2009). These results were obtained in a vertical column fed a raw water with 100 NTU colloidal clay (approximately 100 mg/L clay suspension) that had been dosed with 45 mg/L alum and allowed to flocculate in a laminar flow spiral tubular reactor with an average velocity gradient, G, of 83 s-1 and a residence time, , of 212 s (G = 17500) prior to introduction to the upflow clarifier. The column upflow velocity was 1.16 mm/s. The floc blanket growth rate was measured using pictures taken with a webcam. The observed rate of change of floc blanket thickness was  50 m/s (see Figure 1).  

[image: ]
[bookmark: _Ref234655738]Figure 1.	Floc blanket height as a function of time during floc blanket growth.
The floc blanket floc volume fraction in an upflow clarifier is given by: 

[bookmark: ZEqnNum916704]		()









where  is the total volume of flocs accumulated in time t,  A is the cross sectional area of the column,  is the upflow velocity, is the total volume of water passing through the upflow clarifier, is the velocity at which the floc blanket grows and  is the porosity of the floc blanket. The flow volume through the floc blanket at time t is equal to . The floc blanket volume, , includes pore water between the flocs, and thus the ratio of floc volume to floc blanket volume is equal to . The floc blanket porosity was estimated to be 0.92 based on a 30 minute sedimentation test (Hurst, 2009). From equation  we obtain . The floc volume fraction obtained from the floc blanket growth rate is expected to be an underestimate because some flocs are lost in the floc blanket effluent and some settle.
A relationship developed by (Letterman et al., 1985) provides a second measure of floc volume fraction. 

[bookmark: ZEqnNum550673]		()





where  is the volume fraction of aluminum hydroxide precipitate, is the molar concentration of aluminum retained on the primary particles,  is the amount of sorbed aluminum at complete coverage (assumed by Letterman and Iyer to be 9 x 10-6 mol/m2) , and  is the specific surface area of the primary particles (assumed by Letterman and Iyer to be 23 m2/g). The value of the constant of proportionality, k, was determined by Letterman and Iyer to be 120 L/mol. The Letterman and Iyer model uses equation  to calculate the floc volume fraction, giving 0.015.
Calculations of floc volume fraction, using equation  and three different fractal dimensions, are compared with the estimate based on the floc blanket observations, (equation  assuming a floc size of 1 to 5 mm) and the Letterman and Iyer model, (equation ) in Figure 2. The Letterman and Iyer model does not include floc diameter as a parameter that affects floc volume fraction. However, the validity of the model was checked by Letterman and Iyer using flocs created over a 60 minute interval with a velocity gradient of 10 s-1, and thus it is reasonable to assume that the flocs were several mm in diameter. The results are consistent with a fractal dimension in the range of 2.1 to 2.5.
 [image: ]
[bookmark: _Ref202060172]Figure 2.	Floc volume fraction as a function of floc diameter and fractal dimension. The concentration of clay was assumed to be 100 mg/L and the alum concentration was 45 mg/L to match the conditions of the floc blanket research. The curves converge at 1 m, the estimated diameter of the transition to a lower fractal dimension.

Conclusions
The flocs produced in batch reactors or in high Peclet number reactors where the floc size distribution is relatively narrow can be described with a constant fractal dimension from the diffusion limit of approximately 1 m to the final floc size. Comparisons of model equations to available data suggest that the fractal dimension of flocs is approximately 2.3 and that a 1 m diameter particle size is appropriate for the transition from a fractal dimension of 3 to a fractal dimension of 2.3. The model predicts reasonable values for floc volume fraction as a function of floc size and is consistent with sedimentation rates of alum-kaolin flocs obtained by Adachi and Tanaka (1997). The model equations are dimensionally correct and require parameters that are easily estimated for typical source water samples.
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